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Abstract
Bone morphogen proteins (BMPs) are distributed along a dorsal-ventral (DV) gra-
dient in many developing embryos. The spatial distribution of this signaling lig-
and is critical for correct DV axis specification. In various species, BMP expres-
sion is spatially localized, and BMP gradient formation relies on BMP transport,
which in turn requires interactions with the extracellular proteins Short gastru-
lation/Chordin (Chd) and Twisted gastrulation (Tsg). These binding interactions
promote BMP movement and concomitantly inhibit BMP signaling. The protease
Tolloid (Tld) cleaves Chd, which releases BMP from the complex and permits it
to bind the BMP receptor and signal.
In sea urchin embryos, BMP is produced in the ventral ectoderm, but signals in
the dorsal ectoderm. The transport of BMP from the ventral ectoderm to the dorsal
ectoderm in sea urchin embryos is not understood. Therefore, using information
from a series of experiments, we adapt the mathematical model of [18] and embed
it as the reaction part of a one-dimensional reaction-diffusion model. We use it
to study aspects of this transport process in sea urchin embryos. We demonstrate
that the receptor-bound BMP concentration exhibits dorsally-centered peaks of
the same type as those observed experimentally when the ternary transport com-
plex (Chd-Tsg-BMP) forms relatively quickly and BMP receptor binding is rela-
tively slow. Similarly, dorsally-centered peaks are created when the diffusivities
of BMP, Chd, and Chd-Tsg are relatively low and that of Chd-Tsg-BMP is rela-
tively high, and the model dynamics also suggest that Tld is a principal regulator
of the system. At the end of this article, we briefly compare the observed dynam-
ics in the sea urchin model to a version that applies to the fly embryo, and we
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find that the same conditions can account for BMP transport in the two types of
embryos only if Tld levels are reduced in sea urchin compared to fly.
Keywords: dorsal-ventral pattern formation, sea urchin, BMP signaling,
reaction-diffusion equations
1. Introduction
In many developing embryos, the dorsal-ventral (DV) axis is specified by a
gradient of bone morphogenetic proteins (BMPs). In developing Drosophila (fly)
embryos, members of the BMP family of proteins are produced in a broad spatial
domain in the dorsal half of the embryo and, after a few hours, accumulate in
a narrow band at the dorsal midline. This movement depends on the binding of
two additional proteins, Short gastrulation (Sog) and Twisted gastrulation (Tsg),
which together with BMP, form a ternary complex (Sog-Tsg-BMP) that inhibits
BMP from interacting with its receptor [17]. Tsg is produced in the same spatial
domain as BMP, while Sog is produced in the opposite, ventral domain. The role
of Sog-BMP binding is twofold, first to inhibit BMP from binding to receptors in
the ventral half of the domain, and second to contribute to BMP transport together
with Tsg binding, by promoting its diffusion to the dorsal extreme. BMP is then
freed from Sog via cleavage by Tolloid (Tld), which is expressed in the dorsal
region in fly embryos [17]. Sog cleavage allows BMP to bind to its receptors [17]
and subsequently to signal. Note that the loss of either Sog or Tsg results in the
loss of both strong BMP signaling and BMP accumulation at the dorsal midline
[23]. See Figure 1 for a schematic depiction of the BMP signaling process.
BMP movement in fly embryos has been studied by computational means.
The mathematical models for the patterning processes are based on the diffusion
of proteins and on the reactions between them. In a model by Eldar, et al. [8],
a one-dimensional idealized patterning network, which includes three species—
a single BMP ligand, Sog, and the Sog-BMP complex—captures the robustness
of the system to changes in gene dosage. The spatial domain for the model is
taken to be one-dimensional, since the biophysical domain is the circumference
of the embryo and the patterns are homogeneous to a good approximation along
the anterior-posterior (AP) axis (excluding the AP extremes) [8]. The mechanism
underlying the robustness relies on the lack of diffusion of free BMP, such that
ligand diffusion effectively occurs only by movement of the Sog-BMP complex
to the dorsal midline, followed by cleavage of the complex by Tld in the dorsal
region [8].
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Figure 1: Schematic depiction of the BMP signaling process. The cysteine-rich domains of Sog
are indicated by the numbers 1 – 4. This figure has been adapted from [23].
A six-component model [18], also in one space dimension, incorporates the
same three species plus three additional species: Tsg, an intermediate binary Sog-
Tsg complex, and a ternary Sog-Tsg-BMP complex. Even with widely-diffusible
BMP, this model exhibits correct BMP localization. Other modifications have
been made to these models, including incorporation of various forms of positive
feedback and more realistic geometries for the spatial domain, and consideration
of the two BMP ligands present in flies functioning as heterodimers or homod-
imers. There has also been extensive analysis of the mechanism for abrupt midline
peak formation, which remains unresolved [10, 23, 25].
In this manuscript, we are interested in BMP movement in sea urchin embryos.
To date, DV specification in sea urchin embryos has been studied less intensively
than in fly embryos. Nevertheless, the components for BMP signaling are present
in sea urchins. BMP2/4 has been experimentally studied [3, 6, 14]. The sea urchin
version of Sog is named Chordin (Chd). These are homologous genes, meaning
that their sequences and functions are very similar; they have different names
because they were originally discovered, and named, independently. Sea urchin
Chd inhibits BMP2/4, and both genes are expressed in the ventral region of the
embryo [6, 14].
We have identified the Tsg gene in embryos of the Atlantic sea urchin species
L. variegatus, confirmed that it is required for BMP signaling and dorsal specifi-
cation, and is expressed uniformly in the dorsal and ventral domains (manuscript
in preparation). A similar protein, Cv-2, has been proposed to reduce stochas-
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Figure 2: Left panels: schematic depiction of the simplified production domains of BMP, Chd/Sog
for a sea urchin and fly embryo. Middle panels: BMP signaling domains for a sea urchin and fly
embryo after relocalization. Right panels: one-dimensional depiction of these signaling domains.
The peak half-width of a sea urchin xs0.5 is larger than the peak half-width of a fly x
f
0.5, see (1) for
the definition of peak half-width.
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tic noise in BMP signaling systems by regulating the interaction between BMP
and its receptor [11]. The protease Tld has not been experimentally studied in
sea urchins. Although a gene model for Tld in the Pacific sea urchin species S.
purpuratus has been identified [24], a study of the all proteases present in the
S. purpuratus genome concluded that Tld could not be unambiguously identified
based on its sequence [2].
Remark 1.1. There is evidence that BMP5-8 may also contribute to DV specifica-
tion in sea urchin embryos [5]; however, in L. variegatus embryos, BMP5-8 is not
required for dorsal specification, and is expressed in a different domain from that
which has been described for S. purpuratus embryos (manuscript in preparation).
This suggests that BMP5-8 may not play a generalized role for DV specification
in sea urchins. For this reason, we do not incorporate it into our model.
Several critical differences between the fly and sea urchin embryos have been
identified. First, in sea urchin embryos, BMP is produced ventrally, rather than
dorsally as it is in fly embryos. Second, in sea urchin embryos, BMP signals over
a broad dorsal domain [14], while in flies, strong BMP signaling occurs only in a
narrow domain at the dorsal midline. See also Figure 2.
These fundamental differences in production domains and signaling domain
raise the question: can BMP movement occur by the same mechanism in sea
urchin embryos as it does in fly embryos?
We utilize computational and mathematical approaches to address this ques-
tion from a theoretical point of view. We adapt the mathematical model for the fly
developed in [18] and embed it as the reaction part of a one-dimensional reaction-
diffusion model for BMP movement in sea urchin embryos. Note that for sim-
plicity we do not incorporate any stochastic terms in the model. The production
domains for the proteins BMP and Chd are taken to be the ventral portion of the
domain. Based on preliminary experimental results, we model Tsg as uniformly
produced across space, in contrast to fly embryos where Tsg is produced dorsally.
We do the same for Tld, which has not been studied experimentally in sea urchin
embryos [2]. We nondimensionalize the model, and a mathematical analysis of
the background states results in two compatibility conditions necessary for correct
modeling and pattern formation.
Next, we carry out extensive computational analysis of the model. First, we
numerically study the sea urchin model and investigate the response of the model
in broad regions of parameter space. This way, we identify parameter regimes
yielding qualitatively similar profiles to those observed experimentally, that is,
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profiles in which the concentrations of receptor-bound BMP exhibit dorsally-
centered peaks with appropriate half-widths and which are monotonically-de-
creasing [14]. In addition, we determine the boundaries of these parameter regimes,
which provides insight into the robustness of the mechanism.
Finally, we compare the results for the sea urchin model with those for a
Mizutani-like fly model. To do so, we introduce the following measure of the
peak half-width of the receptor-bounded BMP protein, the protein responsible for
the signaling. This is defined as follows:
xs,f0.5 :=
{
x | brs,f(x) = 1
2
(
max(brs,f)+min(brs,f)
)}
. (1)
Here, brs,f(x) represents the nondimensionalized value of the receptor-bounded
BMP protein as function of its position for respectively the sea urchin embryo and
the fly embryo. Correct pattern formation would yield sea urchin peak half-widths
which are larger than the fly peak half-widths, see the right panels of Figure 2. We
note that this is one way of measuring peak widths, and several other measures
could be used in principle. Notably, we find that decreasing Tld concentrations in
the sea urchin model relative to the fly model has the largest effect in creating a
realistically broad, dorsal BMP signaling peak. Interestingly, none of the inves-
tigated changes fully capture the exact differences observed between sea urchin
and fly embryos.
In conclusion, a model based on reaction-diffusion mechanics captures many,
but not all, of the qualitative features of the movement of BMP proteins in sea
urchin embryos.
The outline of this manuscript is as follows. In the next section we introduce
the model for the BMP transport in sea urchin embryos and we derive a nondimen-
sionalized version of this model. In Section 3, we study this model and investigate
the response of the model over broad regions of parameter space. Next, in Section
4, we compare the results for the sea urchin model with the fly model. We end the
manuscript with a summary and discussion of the implications of this work.
2. Sea urchin embryo model
2.1. Nondimenzionalized model
As a basis for a mathematical model for BMP transport in sea urchin embryos,
we use the framework of the equations developed by Mizutani, et al. [18] for fly
embryos. We incorporate the relative spatial locations of the production domains
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of Chd, BMP, and Tsg for sea urchin embryos. That is, BMP and Chd are both
produced ventrally, opposite from the dorsal side where BMP signals [3, 6, 7, 14].
Note that the protein Chd is not actually produced in the entire ventral half: rather,
its actual production domains is smaller [6]. However, as a first approximation in
modeling and analyzing sea urchin embryos, we use the entire ventral half as the
production domain; later, we test the effect of modeling a more biologically real-
istic production domain for Chd. Based on preliminary experimental results, we
model Tsg as uniformly produced across space. Similarly, we use the whole em-
bryo circumference as the production domain for Tld. We note that, although Tld
is dorsally expressed in fly embryos, it has been modeled as uniformly expressed
[8, 18]. This simplification is supported by experimental evidence that increased
Tld levels do not impact BMP gradient formation in flies [8], and by comparisons
of a uniform versus a dorsal production domain for Tld, which produce no signif-
icant differences in Drosophila embryos [8, 18] or sea urchin embryos (data not
shown).
For consistency, we use dependent variables similar to those employed in pre-
vious studies [18, 25], noting that S, which represents the concentration of Sog in
the fly model, represents the concentration of Chd in the sea urchin model. The
dependent variables for the concentrations of the individual components and com-
plexes are, respectively, S for Sog/Chd, B for the BMP ligand, T for Tsg, ST for
the binary complex of Sog and Tsg, ST B for the ternary complex of Sog, Tsg, and
BMP, R for the immobile receptors, and BR for the complex of BMP and receptor.
The reactions in the model are
S+T
K2−−⇀↽−
K−2
ST
B+ST
K3−−⇀↽−
K−3
ST B
ST B λ→ B+T
B+R
K5−−⇀↽−
K−5
BR
Sog and Tsg first bind together to form the intermediate binary complex, ST .
Then, ST binds to the BMP ligand, B, forming the ternary complex, ST B. Sog
in the ternary complex is degraded by the protease Tld, which releases Tsg and
BMP. Following Mizutani, we use constant levels of Tolloid, which cleaves Sog
only in the ternary complex. The rate of Tld-mediated Sog cleavage is indicated
by λ . Free ligand, B, binds to the receptor, R, forming BR.
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As explained in the introduction, since the patterns are homogeneous along the
AP axis, excluding the AP extremes [8], a reasonable first modeling approxima-
tion is obtained by considering the domain to be one-dimensional. Hence, for the
model we use a one-dimensional line segment with periodic boundary conditions,
and denote the independent variables by x˜ and τ˜ , for space and time, respectively.
Here, x˜ = 0 corresponds to the dorsal midline and x˜ = `/2 to the ventral midline
of the sea urchin embryo, see the top left panel of Figure 2.
We include the production of B,S,T at rates given by functions VB(x˜), VS(x˜),
VT (x˜). The production function VS(x˜) accounts for the production of S, and is
either a positive constant, ηS, if x˜ is in the domain of production, or zero otherwise.
We use the simplified expression domains for the fly and sea urchin embryos,
where S is produced on the ventral half of the domain, [−`/2,−`/4]∪ [`/4, `/2].
Also, VB(x˜) = ηB for x˜ ∈ [−`/2,−`/4]∪ [`/4, `/2], zero otherwise, and VT (x˜) =
ηT , for all x˜ ∈ [−`/2, `/2]. We model the degradation of BR and T with constant
rates, δR and δT , respectively [25]. In addition, we allow S,T,B,ST, and ST B to
diffuse.
The dimensional system of partial differential equations (PDEs) that governs
the dynamics is
Bτ˜ = DbBx˜x˜−K5B ·R+K−5BR−K3ST ·B+K−3ST B+λST B+VB(x˜) ,
Sτ˜ = DsSx˜x˜−K2S ·T +K−2ST +VS(x˜) ,
Tτ˜ = DtTx˜x˜−K2S ·T +K−2ST +λST B+VT (x˜)−δT T ,
STτ˜ = DstSTx˜x˜+K2S ·T −K−2ST −K3ST ·B+K−3ST B ,
ST Bτ˜ = DstbST Bx˜x˜+K3ST ·B−K−3ST B−λST B ,
BRτ˜ = K5B ·R−K−5BR−δRBR ,
R = R0−BR,
(2)
where R0 is the total receptor concentration. To a good approximation, there is
symmetry across the embryonic midline. Hence, we model only half of the do-
main 0 < x˜ < `/2, with Neumann boundary conditions on the boundaries for all
species.
Based on experimental data [6, 14, 15], the initial concentrations of the species
at the start of the signaling process are assumed to be zero over the entire domain.
To simplify the mathematical analysis, we first derive a nondimensional ver-
sion of the model. With the following scalings:
x =
2x˜
`
, τ = τ˜λ , b =
K2B
λ
, s =
K2S
λ
, t =
K2T
λ
,
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st =
K2ST
λ
, stb =
K2ST B
λ
, br =
K2BR
λ
, r =
K2R
λ
, (3)
(2) reduces to
bτ = dbbxx− k5b(r0−br)+ k−5br− k3st ·b+ k−3stb+ stb+ vb(x) ,
sτ = dssxx− s · t+ k−2st+ vs(x) ,
tτ = dttxx− s · t+ k−2st+ stb−δtt+ vt(x) ,
stτ = dststxx+ s · t− k−2st− k3st ·b+ k−3stb ,
stbτ = dstbstbxx+ k3st ·b− k−3stb− stb ,
brτ = k5b(r0−br)− k−5br−δrbr ,
(4)
where we used that r = r0−br and
k j =
K j
K2
, k− j =
K− j
λ
, di =
4Di
`2λ
, r0 =
R0K2
λ
, vi(x) =
VI(x˜)K2
λ 2
,
δi =
δI
λ
, ηi =
ηIK2
λ 2
,
(5)
with 0≤ x≤ 1 and j ∈ {2,3,5}, i ∈ {b,s, t,st,stb,r}, I ∈ {B,S,T,R} and
vb,s(x) =
{
0 , 0≤ x < 1/2 ,
ηb,s , 1/2 < x≤ 1 , and vt(x) = ηt . (6)
Note that {x = 0} corresponds to the dorsal midline, while {x = 1} corresponds
to the ventral midline. The Neumann boundary conditions are given by
(b,s, t,st,stb,br)x|(0,t) = (0,0,0,0,0,0) , for t ≥ 0 ,
and
(b,s, t,st,stb,br)x|(1,t) = (0,0,0,0,0,0) , for t ≥ 0 ,
while the initial condition reads
(b,s, t,st,stb,br)|(x,0) = (0,0,0,0,0,0) , 0≤ x≤ 1 .
We further simplify (4) by assuming all dissociation rates are negligible, i.e.,
k− j = 0, j ∈ {2,3,5}, based on the large differences in the orders of magnitudes
of the forward and backward rate constants in fly embryos [18]. Note that these
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Figure 3: Steady-state profiles for b,s, t,st,stb, and br, depicting the scaled protein concentra-
tions, based on a numerical simulation of (7) with parameters ηb,ηt = 0.1,r0 = 20,k3 = 100,k5 =
0.01,ηs = 1,di = 0.1, for i ∈ {b,s, t,st,stb}. The steady-state solution for receptor-bounded BMP,
br, correlates with biological observations: despite the ventral production domain for BMP, the
model produces a pattern in which receptor-bound BMP (br) is concentrated around the dorsal
midline, which is consistent with empirical observations.
rates are unknown for sea urchin embryos, but are thought to be similar to those
in fly embryos. This transforms (4) to
bτ = dbbxx− k5b(r0−br)− k3st ·b+ stb+ vb(x) ,
sτ = dssxx− s · t+ vs(x) ,
tτ = dttxx− s · t+ stb−δtt+ vt(x) ,
stτ = dststxx+ s · t− k3st ·b ,
stbτ = dstbstbxx+ k3st ·b− stb ,
brτ = k5b(r0−br)−δrbr ,
(7)
which will be the model of interest for the remainder of this manuscript.
Representative stationary profiles for the species concentrations are given in
Figure 3. Note that for the numerical simulations performed on the nondimension-
alized model (7), the time derivative was approximated using a centered, implicit,
backward difference method with ∆τ = 0.01, while a second-order central differ-
ence was used for the spatial derivative with ∆x = 0.01. Results were computed
using MATLAB and were similar for smaller temporal step sizes.
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2.2. Local homogeneous values
The local homogeneous values of (7) can be computed by setting the time and
space derivatives in (7) to zero. They are given by
b =
δrvb(x)
k5(δrr0− vb(x)) , s =
δtvs(x)
vt(x)
, t =
vt(x)
δt
,
st =
k5vs(x)(δrr0− vb(x))
δrvb(x)k3
, stb = vs(x) , br =
vb(x)
δr
, (8)
such that r= r0−vb(x)/δr. Upon using the expressions of the production domains
for sea urchin embryos (6), we obtain that the local homogeneous values on the
ventral side are given by
bv =
δrηb
k5(δrr0−ηb) , sv =
δtηs
ηt
, tv =
ηt
δt
,stv =
k5ηs(δrr0−ηb)
δrηbk3
,
stbv = ηs, brv =
ηb
δr
, rv = r0− ηbδr . (9)
The local homogeneous values on the dorsal side are given by
bd = 0 , sd = 0 , td =
ηt
δt
, std = 0, stbd = 0 , brd = 0 , rd = r0 . (10)
From the expressions (8) for the local homogeneous values, we see immedi-
ately that the production functions vb,s,t(x) must satisfy two compatibility condi-
tions for the local homogeneous values to be bounded away from infinity. First,
vs(x) should be zero whenever vt(x) is zero, which follows immediately from the
expression for s in (8). Second, vs(x) should be zero whenever vb(x) is zero,
which follows from the expression for st. The production domains of sea urchin
embryos fulfill both compatibility conditions since Tsg is produced everywhere
while BMP and Chd are only produced ventrally, see also the top left panel Fig-
ure 2. From this, we conclude that the sea urchin model is compatible with the
biological observations.
Remark 2.1. Both compatibility conditions simplify to vt(x) or vs(x) should be
zero whenever vb(x) is zero, if we include a degradation term for Sog/Chd in the
model (7). In that case, the new local homogeneous value for st is given by
st =
k5vs(x)vt(x)(δrr0− vb(x))
δrk3vb(x)(vt(x)+δsδt)
,
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and hence vs(x)may be nonzero in the region where vb(x) vanishes as long as vt(x)
also vanishes. Note that the formulas for s and stb in (8) have similar regularizing
terms if we include degradation for Sog/Chd to the model
s =
δtvs(x)
vt(x)+δsδt
, stb =
vs(x)vt(x)
vt(x)+δsδt
.
Therefore, these expressions yield no additional constraints. We observe that the
production domains of fly embryos fulfill the new compatibility condition.
3. Numerical results for sea urchin embryos
The modified Mizutani model (7), adapted for the production domains in sea
urchin embryos, produces high levels of receptor-bound BMP in the dorsal re-
gion, despite the restriction of BMP production to the ventral half. In Figure 3,
the steady-state concentration profiles for all of the nondimensional variables are
shown for a representative set of parameter values.
In addition, in Figure 4, we illustrate the transient behavior, observed prior to
steady state, of each variable at the dorsal and ventral midlines (x = 0 and x = 1,
respectively) for the same parameter set used in Figure 3. The sea urchin model
exhibits a rapid rise of bound ligand (br) dorsally after an early plateau phase,
similar to the behavior of the Mizutani model for the fly embryo. A more de-
tailed look at the transient dynamics reveals that, initially, the ventral production
of BMP leads to higher levels of b at the ventral midline, until a time of approx-
imately τ = 17.67, which is dependent on the parameter values. Likewise, the
bound ligand br, and the binary complex st, are initially present at higher levels
ventrally. A ventral-to-dorsal switch occurs near τ = 15.97 for st, which is consec-
utively followed by similar switches for b and br, see the top panels of Figure 4.
The sharp rise in br-profile dorsally follows immediately after this switch. The
biological relevance of these switches is unclear at this moment since they occur
at the nondimenzionalized time τ = τb,st,br and it is not known to which real-time
instances these values correspond (since not all parameters for the unscaled model
(2) are known). However, it is something that potentially can be checked exper-
imentally to identify the start of the patterning process for the bound ligand br.
To better understand the dorsal localization of BMP, we perform a param-
eter search on (7) to identify critical reaction rates. For the remainder of this
manuscript, we fix the degradation rates for Tsg and BMP-bound receptor and the
scaled production factors for BMP and Tsg. Since many rates are unknown for
12
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Figure 4: The transient behavior of scaled protein concentrations for the indicated components
is depicted at the dorsal (blue) and ventral (green) midline. The system parameters are as in
Figure 3: ηb,ηt = 0.1,r0 = 20,k3 = 100,k5 = 0.01,ηs = 1,di = 0.1. Initially, b,br, and st are
larger at the ventral midline than at the dorsal midline. The relative DV values for all three invert
at different times, with st switching first followed by b and br, this is indicated by the circles in
top three panels. No such switching occurs for the other species s, t and stb, see the bottom three
panels. Observe that the br-profile has not reached its steady state yet. However, for later times no
significant changes are observed anymore.
sea urchin embryos, we choose them to match those previously determined or em-
ployed for fly embryos [8, 13, 18, 25]. That is, δt = δr = 0.05 and ηb = ηt = 0.1.
3.1. Impact of the rate constants and production rates
The parameter λ describes the combined rate of two sequential processes,
which have been collapsed to one parameter for simplicity [18, 25] (note that our
parameter λ is labeled as “Λ·Tld” in [25]). The parameter λ measures first, the
rate of the activity of Tld, and second, the rate of dissociation of B. Each step
occurs at a distinct rate: Tld cleaves Chd/SOG at a given rate in the STB com-
plex, then, cleaved Chd/SOG releases BMP at a different rate. The former is
fairly straightforward to measure (e.g., at physiological level of BMP, Tld cleaves
Chd at approximately 0.73sec−1 in Xenopus embryos [16]); while the latter is
more difficult to measure. If the rate of dissociation is smaller than the cleavage
rate, then the dissociation rate will dominate and determine the correct value of λ .
Protein-protein dissociation occurs over an enormous range, from 10−8 sec−1 to
104 sec−1 [12, 22, 26]. Thus, the “true”dissociation rate could be anywhere along
this range, with the caveat of remaining biophysically plausible. With a rate with
magnitude of 10−2−10−3, for example, the STB complex dissociates in≈ 1−10
minutes, which is not implausible. However, with a rate of 10−4, ≈ 100 min-
utes would be required to process the STB complex, which seems unreasonably
long. We therefore assigned a value of 5× 10−3 to λ , and with the diffusivities
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Figure 5: BMP is dorsally localized when the ternary complex forms more rapidly than the inter-
mediate complex, and when receptor binding is relatively slow, see panels A - D. The steady-state
solutions for br in (4) are depicted as the indicated parameters are varied, with other parameters
are held constant: δt,r = 0.05,ηb,t = 0.1,r0 = 20,k3 = 100,k5 = 0.01,ηs = 1 and di = 0.1 for
i ∈ {b,s, t,st,stb}. For larger values of k3;r0; and ηs and smaller values of k5, br accumulates in
the dorsal region (the red profiles indicate the parameter sets for which br does not accumulate in
the dorsal region). The bold curve was obtained using the same parameters as those employed in
Figures 3 and 4. In panels E and F, we show box-and-whisker plots for parameter sets that produce
correct br patterning in sea urchin embryos. Whiskers extend to the full range of the data sets.
Di = 20µm2/sec for i ∈ {b,s, t,st,stb} from [30] (which is an empirical measure
for BMP diffusivity in the developing fly wing) and a diameter of 100µm (or a
circumference of 314µm) for the sea urchin embryo, we obtain approximately
di = 0.1 for i ∈ {b,s, t,st,stb} from (5). In addition, we note that in the next sec-
tion, we report on the results of simulations for a wide range of values of di. These
simulations are useful as well, since the values of several biophysical parameters,
such as λ , are not yet known experimentally.
We randomly choose the remaining parameters from the following ranges:
k3 ∈ [10−2,104], k5 ∈ [10−2,104],r0 ∈ [101,102],ηs ∈ [10−1,103]. We choose up-
per and lower limits for each parameter to include several orders of magnitude and
to contain values used in other models in the literature [8, 13, 18, 25]. The nondi-
mensional system of PDEs (7) is simulated with 9674 randomly chosen parameter
sets, at which point 319 sets of parameters are found that produced monotonically
decreasing profiles for br as is observed empirically [14].
We also study the effects of individual parameters on the shape of the steady-
state br-profile by carrying out a series of simulations in which only one parameter
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is varied, while the others are kept fixed at the reference values r0 = 20,k3 =
100,k5 = 0.01, and ηs = 1. To determine these values, we begin with the values
used in [8, 13, 18, 25] and then optimize based on preliminary simulations.
The results show that, for larger values of k3,r0, and ηs, and for smaller val-
ues of k5, br accumulates in the dorsal region as expected, see the blue curves in
the panels A - D in Figure 5. Although dorsally-centered br peaks are observed
in a broad regime of parameter space, with each parameter varying over several
orders of magnitude, k3 is larger than 1 and k5 is smaller than 10−1 for more than
75% of the successful parameter sets, see the box-and-whisker plots in panel E
of Figure 5. The parameter k3 represents the ratio of the reaction rates of ternary
complex formation to intermediate complex formation, while k5 represents the
ratio of BMP receptor binding to intermediate complex formation. These data
indicate that successful BMP patterning occurs when the ternary complex forms
more rapidly than the intermediate complex, and when receptor binding is com-
paratively slow. Similarly, for larger values of both the scaled production of Chd
ηs and BMP receptor concentration r0, br accumulates dorsally, see the box-and-
whisker plots in panel F of Figure 5. These simulations provide testable predic-
tions regarding the rates k3 and k5 (panels A, B and E of Figure 5), and highlight
the requirements for a large Sog production constant, and a large BMP receptor
concentration (panels C, D and F of Figure 5) to achieve appropriately dorsal BMP
signaling.
We also run simulations in the absence of BMP or Chd. When no BMP is
present, the model acts as expected since s, t, and st increase in their respective
domains. In the absence of Chd, br signals on the ventral side, and no transport
is observed outside the ventral half of the embryo, i.e., outside the production
domain of BMP (data not shown). This is consistent with the intuitively expected
behavior of the model.
3.2. Impact of varying the diffusion rates
Next, we vary individual diffusion rates to better understand their effect on the
steady-state profiles of br. Each diffusion parameter is individually varied, see
Figure 6, and we also vary all of the diffusion rates together, see Figure 7. The
results show that a wide variety of diffusion parameters lead to correct pattern-
ing. The central observations are that more receptor-bound BMP accumulates in
the dorsal domain when the diffusivities of free BMP (db), Sog (ds), or the inter-
mediate complex (dst) are small (panels A, B and D of Figure 6), and when the
diffusivity of the ternary complex (dstb) is large (panel E of Figure 6). The system
is relatively insensitive to the diffusivity of Tsg (dt) (panel C of Figure 6). When
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all diffusivities are varied together, only intermediate values of the diffusivities
produce a dorsal peak for receptor-bound BMP, see Figure 7. When all diffusiv-
ities are small, we observe a loss of dorsal bound BMP, consistent with intuitive
expectations, since if all diffusion rates are small, BMP cannot reach the dorsal
domain. Also, when all diffusivities are large, we observe homogeneous profiles
as intuitively expected since all species diffuse quickly and spatial differentiation
is not possible.
3.3. Ruling out the regime of low diffusivities
The regime of uniformly low diffusivities is not the most relevant for the bi-
ology of sea urchin embryo development. Nevertheless, this regime is one in
which it is possible to carry out analysis of the model, and hence it provides im-
portant analytical confirmation of the observed dynamics in the simulations. For
example, the ventrally-peaked and non-monotone shape of the stationary receptor-
bound BMP profile obtained from (4) with low diffusivities, see Figure 7, can
be explained from the local homogeneous values (9) and (10) and the following
asymptotic observations. Equation (7) possesses scaling symmetry such that scal-
ing all of the di’s by 1/L2 is equivalent to multiplying the length of the domain
by L. In particular, recall the definition of the nondimensionalized diffusion co-
efficients di = 4Di`2λ (5). Hence, mathematically, we may directly study the regime
of small diffusion coefficients by taking domains larger than [0,1]. Small diffu-
sion implies that we expect to observe minimal spatial variation in a profile of
the species. This means that, in the bulk of the domain, away from the transi-
tion region between the dorsal and ventral regions where the production functions
have discontinuities, the concentrations are relatively constant. More precisely,
we expect that the values of the components at the dorsal and ventral midlines ap-
proach their locally homogeneous values (10) and (9), respectively, and the steady
state profiles are expected to be given by heteroclinic orbits that connect the dor-
sal local homogeneous values at x = 0 with the ventral local homogeneous values
at x = 1. Moreover, because brd < brv (given that ηb 6= 0), we do not expect
dorsally-peaked bound BMP for small diffusivities.
In Figure 8, we plot the results of a simulation of (4) with similar parameter
values as in Figure 7 for regular diffusivities and small diffusivities. The observed
steady state concentration profiles for small diffusivities indeed approach their
dorsal and ventral local homogeneous values, see the dashed curves in Figure 8,
so that the simulations confirm the analysis in the regime of uniformly low diffu-
sivities. By contrast, in the regime of moderate diffusivities the steady state pro-
files are not heteroclinic connections between the two local homogenous values.
17
00.05
0.1
0
0.25
0.5
1.8
2
2.2
0
0.1
0.2
0
0.5
1
0
1
2
b s t
st stb br
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8D V D V D V
D VD VD V
Figure 8: The steady state concentration profiles for the indicated components are plotted for small
diffusivities (dashed curves, di = 2.5×10−4 ) and for normal (solid curves, di = 0.1). The remain-
ing system parameters were set to k3 = 100,k5 = 0.01,δt,r = 0.05,ηb,t = 0.1,ηs = 1, and r0 = 100,
such that the ventral and dorsal local homogeneous values are given by bd = sd = std = stbd =
brd = 0, td = 2, and bv = 0.102,sv = 0.5, tv = 2,stv = 0.098,stbv = 1,brv = 2, respectively. For
small diffusivities (dashed curves), the steady state concentration profiles indeed approach their
ventral and dorsal local homogeneous values and the observed profiles are heteroclinic connec-
tions between these local homogeneous values. On the other hand, for the normal diffusivities
(solid curves), the observed profiles are not determined by the ventral and dorsal local homoge-
neous values.
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Figure 8 also reveals that the observed profiles for regular-sized diffusivities seem
to be imprinted in the profiles for small diffusivities: qualitatively, the profiles
for regular-sized diffusivities can be obtained from the observed profiles for small
diffusivities by zooming in closely to the boundary between the dorsal and ventral
regions around x = 0.5. At this point this observation is merely speculative, and
we do not have a mathematical proof for this curiosity.
4. Comparison between the dorsally-centered peaks in the br-concentration
in sea urchin embryos and fly embryos
These results indicate that a single model can produce the expected dorsal
distribution of BMP signaling in both organisms, despite the fact that BMP is
produced ventrally in sea urchin embryos whereas it is produced dorsally in fly
embryos. We extend this observation by performing a comparative analysis of
parameter regime overlap between the two species, to test whether the same pa-
rameter regimes can lead to the correct behavior in both models. An important
expected difference in the outcome for this comparison is the extent of the BMP
signaling domain, which extends to approximately 75% of the embryonic circum-
ference in sea urchin embryos [6, 14], whereas in fly embryos, BMP signaling
is confined to the amnioserosa, which occupies only approximately 12.5% of the
circumference [17]. The original search of 9674 parameter sets yielded 200 sets
which produced a dorsal peak of receptor-bound BMP for both fly and sea urchin
models, and we compare the spatial profiles for these 200 parameter sets. For
the initial analysis, the only differences used between the fly and sea urchin mod-
els are the domains of production for BMP and Tsg. We analyze the outcome
by comparing sea urchin peak half-widths xs0.5 versus fly peak half-widths x
s
0.5
for receptor-bound BMP, see (1) for the exact definition. The theoretical model
should reflect this difference in signaling domain as xs0.5 > x
f
0.5, and more specifi-
cally, xs0.5 ≥ 0.5 and xf0.5 ≤ 0.3, based on empirical observations and erring toward
generous estimates [6, 14, 17]. However, the opposite result is obtained: the br
peak half-width for fly embryos appears to be larger than the br peak half-width
for sea urchin embryos, see the left panel of Figure 9.
We further analyze this outcome by plotting sea urchin peak half-widths xs0.5
versus fly peak half-widths xf0.5 across the range of parameter sets and find that all
data points lie near or above the identity xs0.5 = x
f
0.5, the line that represents equal
peak half-widths, see the right panel of Figure 9. This indicates that no parameter
set successfully captures biological realism. Although there is no a priori reason
for the parameters to be the same, this analysis provides an opportunity to learn
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Figure 9: Left panel: the half-widths for the bound receptor is larger in fly embryos than in sea
urchin embryos when identical parameters are employed. The distribution of the br width is given
for the 200 randomly chosen parameter sets (in the original search of nearly 10,000) that produced
correct patterns in both fly embryos and sea urchin embryos. Data is binned in increments of
0.06. Right panel: no parameter set satisfies the criteria: xs0.5 > 0.5 and x
f
0.5 < 0.3 (indicated by
the gray box). Graph depicts sea urchin and fly peak half-widths (xs,f0.5) for parameter regimes that
produce monotonically decreasing steady-state solutions for receptor-bound BMP. The dashed line
indicates the identity xs0.5 = x
f
0.5.
which parameter differences have the strongest influence on the behavior of the
model; this information will in turn provide experimentally testable predictions.
4.1. The effect of size compensation
We explore this further by modifying the model in various manners, in an ef-
fort to identify variations that satisfy the peak half-width criteria described above.
First, we consider differences in the physical size of the embryos by scaling the
nondimensionalized diffusion rates in sea urchin embryos accordingly. More
specifically, the diameter of the DV axis is 100 µm in sea urchin embryos and
175 µm in fly embryos. To incorporate this difference, we keep the nondimen-
sionalized domain length fixed (0 ≤ x ≤ 1), but scale the diffusion rates such
that dsi = (175/100)
2dfi = 3.0625d
f
i (recall the definition of the nondimensional-
ized diffusion coefficients di = 4Di`2λ (5)). This modest change to the diffusivities
still yields a large number of monotonically decreasing br-profiles and it shifts the
peak half-width ratios in the appropriate direction. However, none of the tested pa-
rameter sets yield peak half-width ratios that meet the empirical criteria xs0.5 ≥ 0.5
and xf0.5 ≤ 0.3. See panel A of Figure 10 and note that the empirical criteria is
depicted by the gray box.
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Figure 10: Graphs depict sea urchin and fly peak half-widths for parameter regimes that produce
monotonically decreasing steady-state solutions for receptor-bound BMP adjusted for panel A:
physical size differences between sea urchin and fly embryos are compensated by scaling all the
diffusion rates, di, for sea urchin embryos; panel B: the Chd production domain for sea urchin
embryos is reduced to 50% of the BMP production domain; panel C: the cleavage of bounded
Chd in sea urchin embryos is permitted in all states at the same rate as free Chd. The dashed line
indicates the identity xs0.5 = x
f
0.5 and the gray box indicates the range for the ratio of peak half-
widths that satisfy the criteria xs0.5 ≥ 0.5 and xf0.5 ≤ 0.3. None of the parameter sets tested meets
the criteria.
4.2. The effect of Chordin
Next, we use a more realistic spatial production domain for sea urchin Chd,
whose expression domain is internal to that of BMP [6]. By reducing the Chd
expression domain by 50%, the peak widths again shift in the appropriate direction
(towards the gray box). However, still none meet the expected criteria, see panel
B of Figure 10.
We also evaluate the effect of allowing Chd cleavage to occur in both free and
bound states in sea urchin embryos, since empirical evidence indicates that free
Chd is cleaved in vertebrate embryos (although not in fly embryos) [20], suggest-
ing that Chd may be cleaved in both states in sea urchins as well. This difference
is accounted for by allowing for cleavage of both free Chd (s) and Chd complexed
with Tsg (st), in addition to the already modeled cleavage of Chd complexed to
both Tsg and BMP (stb). For simplicity, we assume that Chd complexed with Tsg
(st) is cleaved at the same rate λ˜ as free Chd (s). This modifies the nondimenzion-
alised s-, t- and st-equations of (7) by
sτ = dssxx− s · t+ vs(x)−αs ,
tτ = dttxx− s · t+ stb−δtt+ vt(x)+αst ,
stτ = dststxx+ s · t− k3st ·b−αst ,
where α is the ratio of the free versus bound cleavage rates, that is, α = λ˜/λ .
This modification shifts the peak half-width ratios away from, rather than toward,
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Figure 11: Variations in Tld concentrations combined with size compensation produce a small
number of parameter regimes that produce spatially appropriate distributions of BMP-bound re-
ceptor in both sea urchin and fly embryos. Graphs depict fly and sea urchin peak half-widths
for parameter regimes that produce monotonically decreasing steady-state solutions with the sea
urchin model adjusted for an decrease in the Tld levels and with an size compensation for the dif-
ference in the actual size of the fly embryo and the sea urchin embryo. The gray box indicates the
range for the ratio of peak half-widths that satisfy the criteria: xs0.5 > 0.5 and x
f
0.5 < 0.3. Parameter
sets that yield peak half-width ratios which occupy this region are colored red.
the expected ratio range, see panel C of Figure 10.
4.3. The effect of Tolloid
Because the fly DV axis is not robust to changes in Tld [10], we also test
the effect of varying Tld levels in sea urchin embryos relative to the levels in fly
embryos. Note that Tld has been scaled out in the nondimensionalized model (7)
and we cannot adjust it directly. Therefore, we change all parameters and variables
of (7) which are scaled with the Tld parameter λ accordingly, see (3) and (5).
When sea urchin Tld levels are reduced to 0.125× fly Tld levels, a few parameter
sets produce the appropriate ratio of peak half-widths, see the red dots in the gray
box in panel B of Figure 11. When this modification is combined with the size
compensation as explained above, the majority of the parameter sets converge
toward the expected range of peak half-width ratios, but only a few arrive within
the expected range, see panels C and D in Figure 11. The corresponding spatial
profiles show that decreased Tld levels combined with size compensation produce
reasonable results, see Figure 12. Noticeably, all sea urchin embryo profiles seem
to cross around x = 0.5, the boundary between the ventral half and the dorsal half
of the domain, while the fly embryo profiles seem to cross around x = 0.3, in the
dorsal part of the domain away from the boundary between the ventral half and
the dorsal half. We remark that this effect becomes even more apparent for (7)
with small diffusion coefficients (data not shown).
When sea urchin Tld levels are increased relative to fly levels, no parameter
sets produced the expected ratios, see panels A - C of Figure 13. In addition,
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Figure 13: Graphs depict sea urchin and fly peak half-widths for parameter regimes that pro-
duce monotonically decreasing steady-state solutions for receptor-bound BMP with the sea urchin
model adjusted for an increase in the Tld levels. None of the parameter sets tested meets the crite-
ria and, noticeably, the number of parameter sets that yield monotonically decreasing steady-state
solutions decreases upon increase the Tld levels.
increasing the relative Tld concentration has the effect of decreasing the number
of parameter sets that yield monotonically decreasing steady-state solutions, in-
dicated by the comparatively sparse number of parameter sets depicted for these
cases. Indeed, when sea urchin Tld levels are increased to 8× fly Tld levels, no
monotonically decreasing steady-state solutions occur for the spatial distribution
of the bound receptor.
4.4. The effect of positive feedback
As final modification, we test the effect of adding positive feedback to the
model, using the optimal mechanism identified by Umulis [25]. More specifically,
the optimal mechanism is positive feedback on BMP-bound receptors via a non-
signaling surface binding protein that acts to concentrate the ligand. The type of
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positive feedback incorporated is based on the optimal type for the fly model [25],
which modifies (7) as
bτ = dbbxx− k5b · r− k3st ·b+ stb+ vb(x)− k4b · c
sτ = dssxx− s · t+ vs(x)
tτ = dttxx− s · t+ stb−δtt+ vt(x)
stτ = dststxx+ s · t− k3st ·b
stbτ = dstbstbxx+ k3st ·b− stb
brτ = k5b · r−δrbr− k7br · c
cτ = p
br2
br2+0.1
− k4b · c− k7br · c−δcc
bcτ = k4b · c− k6bc · r−δcbc
bcrτ = k6bc · r+ k7br · c−δcbcr
r = r0−br−bcr,
where c represents a surface bound BMP-binding protein, bc the complex of this
protein with free BMP, bcr the complex of this protein with receptor-bound BMP,
p a positive feedback constant, k4,5,7 reaction rates for the reactions
b+ c
k4−→ bc
bc+ r
k6−→ bcr
br+ c
k7−→ brc
(where we again assume that the dissociation rates can be neglected) and δc the
degradation rate of the BMP-binding protein. Moreover, we use a Hill-type pos-
itive feedback term with Hill coefficient 2 as in [25]. For the simulations, we set
k4,k5,k7 = 1,δc = 0.5 and choose the positive feedback constant p to be 1 or 5.
Surprisingly, this is also ineffective at yielding bound receptor profiles that
meet empirical criteria, even when applied more strongly (5x), either individually
or to both models, see panels A - F of Figure 14. Positive feedback applied to the
individual models narrows the br peak half-width ratios, and this effect was more
pronounced in the sea urchin embryo case. When applied to both models, almost
no parameter sets yield a peak half-width that is larger in sea urchin embryos than
in fly embryos, see panels E and F of Figure 14.
Taken together, these results show that only parameter sets with modulation
of Tld levels and size compensation in the sea urchin embryo result in BMP sig-
naling peaks that meet our generous size criteria in both the sea urchin and the
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Figure 14: Positive feedback (PF) was incorporated in the sea urchin model and fly model. Panels
A and B: positive feedback is incorporated individually with strength 1. Panels C and D: positive
feedback is incorporated individually with strength 5. Panels E and F: positive feedback is incor-
porated to both models with equal strength. Graphs depict fly peak half-widths xf0.5 and sea urchin
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0.5 < 0.3. No parameter sets yield peak half-width ratios which
occupy this region capturing biological realism.
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Figure 15: Decreased Tld levels broaden the dorsal peak. When Tld levels are decreased, the
dorsal peak half-widths increase, see panels A - D. When positive feedback is incorporated, the
peak half-widths decrease mildly, see panel E, and when combined with decreased Tld, the Tld
effects dominate, see panels F - H.
fly embryo. Given these effects, we test their impact in the sea urchin embryo
case. When Tld is perturbed, the peak half-widths exhibit dorsal expansion, as
expected, see panels A - D of Figure 15. In contrast, when positive feedback is
incorporated, the peak width exhibits dorsal contraction, see panel E of Figure 15.
When decreased Tld and positive feedback are combined, the Tld effect domi-
nates, see panel F - H of Figure 15. This suggests that, in sea urchins, the level of
Tld is a more important determinant of the position of the DV boundary than the
effect of positive feedback.
5. Summary and Discussion
BMP protein is produced in the ventral ectoderm, but signals only in the dorsal
ectoderm during sea urchin DV axis specification [3, 6, 7, 14, 21, 29], indicating
that BMP protein dramatically relocates prior to signaling. In Drosophila, the
BMP ortholog decapentaplegic (dpp) also relocates then signals during DV spec-
ification, and the movement of dpp protein requires interaction with Sog/Chd and
Tsg [17, 23, 28].
A computational model for BMP movement is developed by modifying an ex-
tant fly model [18] for the sea urchin embryo, primarily by changing the spatial
production domains and values for BMP, Sog/Chd, and Tsg to correspond with
empirical observations in sea urchin embryos [6, 14]. We find that this model is
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capable of producing a steady state profile for receptor-bound BMP that quali-
tatively matches empirical observations. We test a wide range of parameters by
varying production, reaction, diffusion rates, and find that the model produces
outcomes congruent with empirical findings within specific regions of parameter
space. Variation of reaction rates shows that ternary complex formation must oc-
cur quickly relative to intermediate complex; in other words, BMP quickly binds
complexes of Chd-Tsg, promoting low levels of free BMP protein that prevent
signaling in the production domain, consistent with the lack of BMP signaling
observed in the ventral ectoderm where BMP is expressed. Further, this analy-
sis indicates that BMP receptor binding occurs relatively slowly, favoring ternary
complex formation over receptor binding. A similar analysis of diffusivities shows
that the model performs best when BMP, Chd, and the Chd-Tsg complex diffuse
relatively slowly, and when Tsg and the BMP-Chd-Tsg complex diffuse relatively
quickly. Of each of these, the model is most robust to variations in Tsg diffusivity.
These analyses provide a wealth of predictions regarding the parameters of the
empirical system that can be tested in future experiments.
As stated in Section 3, the values of a number of central parameters, including
λ and the dimensional diffusivities, are as yet unknown experimentally for sea
urchin embryos. We have used the best available information to infer central val-
ues of these parameters and intervals of plausible values about the central values.
Then, for the nondimensional model, we have carried out simulations for large in-
tervals of the nondimensional parameters, using ranges that are broader than those
determined by the plausible values of the dimensional parameters. In this manner,
our results will also be of future utility, once better information about the values
of dimensional parameters is known, to determine whether or not additional ef-
fects beyond those incorporated into the model play important roles in the BMP
transport and peak formation. For example, if it becomes known that the values of
the dimensional parameters are such that the model predictions for BMP transport
and BMP-receptor binding match the experimentally observed dynamics, then that
will add to the confidence of the understanding of these phenomena. In contrast,
if it becomes known that the values of the dimensional parameters are such that
the model predictions for the associated nondimensional parameter combinations
differ substantially from the experimentally observed dynamics, then that would
strongly suggest that other effects are also playing important roles.
Given that the modified fly model is successful in the sea urchin embryo case,
we ask whether both models can succeed using the same parameters. We iden-
tify 200 sets that produce monotonically decreasing receptor-bound BMP profiles
in both sea urchin and fly models, and analyze them for biological realism by
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querying the BMP-bound receptor peak half-widths, which are sharply different
in the two species [6, 14, 17]. Surprisingly, none of the parameter regimes meet
our relatively generous criteria. We introduce modifications into the models to
learn which changes promote empirically appropriate behavior. When we reduce
Tld levels in sea urchin embryos compared to fly embryos in combination with
compensation for the size difference between embryos, we identify only a small
number of parameter sets whose profiles meet the spatial criteria. Adjusting the
model to incorporate positive feedback per Umulis et al. [25] or by permitting Chd
cleavage in the free and bound states in sea urchin embryos [20] does not produce
any bound receptor profiles that meet the criteria. Positive feedback in particular
reduces the sea urchin peak half-width more than the fly, shifting the distribution
away from the expected region (Figure 14). This is surprising, since this type of
feedback produces a model for Drosophila embryos that most closely fit the high
quality empirical data [25]; further, glypican 5 has been suggested to perform a
similar function in sea urchin embryos [14]. These results indicate that changes
in Tld levels have the most dramatic effect on the spatial extent of signaling peak.
For the sea urchin embryo, reduced Tld levels lead to expansion of the dorsal
BMP signaling peak. In fact, the peaks become both broader and flatter (data
not shown), indicating that Tld levels inform the position of the DV boundary, at
least in this computational model. Continued decreases of Tld promotes further
flattening, eventually leading to no BMP signaling peak, as would be expected
from other studies [4, 9, 19]. Thus, the model appears to faithfully depict the
action of Tld.
Umulis et al. identified positive feedback in the fly model as the optimal mod-
ification for capturing the sharpness of the BMP signaling peak in Drosophila
[25]. Positive feedback at the level of the receptor could occur via BMP signaling-
dependent upregulation of a stabilizing BMP-binding factor, and glypicans have
been implicated in this regard [1, 27]. In sea urchin embryos, a glypican is ex-
pressed dorsally, and is thus present at the right time and place to provide feed-
back for dorsal BMP signaling, although its function has not yet been assessed
[14]. We find that incorporation of strong positive feedback in the mathematical
model contracts the BMP signaling peak as expected [25], but only mildly (see
Figure 15E), and when Tld is decreased, the signaling peak width is broadened in
a dominant manner. These data indicate that, while positive feedback may con-
tribute to regulating the movement of BMP, it is less likely to be the principal
controller of BMP protein location in sea urchin embryos. Indeed, the data sug-
gest that Tld functions as a dominant regulator, and it will thus be important to
identify Tld and characterize its functional role in sea urchin DV specification.
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